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Abstract
Manin triples construction of N=4 superconformal field theories is considered. The
correspondence between quasi Frobenius finite-dimensional Lie algebras and N=4 Virasoro
superalgebras is established.
Introduction.
In connection with numerous string applications extended superconformal field the-
ories (SCFT’s) in two dimensions have became increasingly important over the past few
years. It is know that a large class of extended SCFT’s is obtainable from Kazama-Suzuki
models [1], that is, the supercoset constructions assochiated with compact Kahler ho-
mogeneous spaces G/H. In [2-3] WZNW models were studed, which allow for extended
supersymmetry and conditions were formulated that the Lie group must satisfy so that its
WZNW model would have extended supersymmetry. In particular, in [3] a correspondence
was established between N = 2, 4 SCFT’s and finite-dimensional Manin triples. From the
point of view accepted in [3] Kazama-Suzuki models are particular cases of Manin triple
construction of extended SCFT. Indeed they correspond to Manin triples associated with
any simple Lie algebra and its parabolic subalgebra. It is intresting to note that there
is a similar construction of N = 3/2 SCFT based on finite-dimensional Manin pairs [4].
In this paper the conditions under which N = 2 SCFT admit N = 4 supersymmetric
extensions will be investigated from more general positions than it was done in [2-3]. The
paper is arranged as follows. In Section 2 we breafly review the Manin triples construction
of N = 2 SCFT’s. In Section 3 we investigate the conditions under which a N = 2 SCFT
† e-mail address:spark@itp.chg.free.net
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associated with any finite-dimensional Manin triple possess N = 4 Virasoro superalgebra
of symmetries. We will see that it is possible to construct generators of N = 4 Virasoro
superalgebra if the isotropic subalgebras of Manin triple are quasi Frobenius Lie algebras.
Moreover if they are Frobenius then it is possible to construct generators of two different
N = 4 Virasoro superalgebras. This case corresponds to the ”big” N = 4 Virasoro super-
algebra constructed in [2] and investigated in [7-9]. In section 4 we give some examples of
our construction.
2. N=2 SCFT and finite-dimensional Manin triples.
We begin with the definition of Manin triple [5]
DEFINITION 2.1. A Manin triple (g, g+, g−) consists of a Lie algebra g, with nonde-
generate invariant inner product (, ) and isotropic Lie subalgebras g± such that g = g+⊕g−
as vector space.
For any finite-dimensional Manin triple let us fix any orthonormal basis {Ea, Ea, a =
1, ..., d} in algebra g so that {Ea}- basis in g+, {Ea}- basis in g−. The brakets and Jacoby
identity of g are given by
[Ea, Eb] = fabc E
c
[Ea, Eb] = f
c
abE
c
[Ea, Eb] = f
a
bcE
c − facb Ec
(2.1)
fabd f
dc
e + f
bc
d f
da
e + f
ca
d f
db
e = 0
fdabf
e
dc + f
d
bcf
e
da + f
d
caf
e
db = 0
famcf
bm
d − famdf bmc − f bmcfamd +
f bmdf
am
c = f
m
cdf
ab
m
(2.2)
In the following we will be needed in the consequence of (2.2)
fmf
mb
a + f
mf bma = −f bnmfmna (2.3)
, where fm = f
a
ma, f
m = fmaa . Denote by 〈, 〉 the Killing form of g. It is not difficult to
calculate
〈Ea, Eb〉 = 2facd f bdc
〈Ea, Eb〉 = 2fdacf cbd
〈Ea, Eb〉 = −f cdb facd − 2facd fdbc
(2.4)
Let us denote
Bba = fcf
cb
a + f
cf bca
Aba = f
d
acf
bc
d
(2.5)
Then we will have
〈Eb, Ea〉 = −Bba − 2Aba (2.6)
Let Ja(z), Ja(z) be the generators of affine Kac-Moody algebra gˆ, which correspond to the
fixed basis {Ea, Ea}, so that currents Ja generate subalgebra gˆ+ and currents Ja generate
2
subalgebra gˆ−. The singular OPE’s between these currents is the following
Ja(z)Jb(w) = −(z − w)−2 1
2
〈Ea, Eb〉+ (z − w)−1fabc Jc(w) + reg
Ja(z)Jb(w) = −(z − w)−2 1
2
〈Ea, Eb〉+ (z − w)−1f cabJc(w) + reg
Ja(z)Jb(w) = (z − w)−2 1
2
(qδab − 〈Ea, Eb〉)+
(z − w)−1(fabcJc − facb Jc)(w) + reg
(2.7)
,where q = 2(k+ v), v = 1
2d
∑
i Tr(adE
iadEi) and Ei = Ea, i = a, Ei = Ea, i = a+ d. Let
ψa(z), ψa(z) be free fermion currents which have singular OPE’s with respect to the inner
product (, )
ψa(z)ψb(w) = (z − w)−1δab + reg (2.8)
ASSERTION 2.2 [3,4] The currents
G+ =
√
2
k + v
(ψaJa − 1
2
f cabψ
aψbψc)
G− =
√
2
k + v
(ψaJ
a − 1
2
fabc ψaψbψ
c)
K = (δba +
Bba
k + v
) : ψaψb : +
1
k + v
(fcJ
c − f cJc)
2T =
1
k + v
: (JaJa + JaJ
a) : +
: (∂ψaψa − ψa∂ψa) :
(2.9)
satisfy the operator products of the N = 2 Virasoro superalgebra with central charge
c = 3(
D
2
+
Aaa
k + v
) (2.10)
DEFINITION 2.3. Let g be the Lie algebra with nondegenerate invariant inner prod-
uct (, ) and R- complex structure on vector space g skew- symmetric relative to (, ). R is
complex stucture on Lie algebra g ifR satisfies the modified classical Yang-Baxter equation:
[Rx,Ry]−R[Rx, y]−R[x,Ry] = [x, y] (2.11)
It is not dificult to establish the correspondence between complex Manin triples and
complex structures on Lie algebras [3]. Namely for any complex Manin triple (g, g+, g−)
there is canonic complex structure on Lie algebra such that subalgebras g± are ±ı- eigen-
spaces of its. On the other hand, for any real Lie algebra g with nondegenerate invariant
inner product and skew- symmetric complex structure R on this algebra one can consider
the complexification gC of g. Let g± be ±ı- eigenspaces ofR in algebra gC , then (gC , g+, g−)
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be the complex Manin triple. Hence we can use formulas (2.9) to build up generators of
N = 2 Virasoro superalgebra.
In connection with the construction described above it is pertient to note the work
[13] where very similar construction was considered.
3. Quasi Frobenius Lie algebras and N=4 Virasoro superalgebras.
Now we will try to generalize Manin triples construction of N = SCFT for N = 4
SCFT. N = 4 Virasoro superalgebra have the following OPE
T (z)T (w) = (z − w)−4 c
2
+ (z − w)−22T (w) + (z − w)−1∂T (w) + reg
Ki(z)Kj(w) = (z − w)−2 c
12
+ (z − w)−1ıεijkKk(w) + reg
T (z)Ki(w) = (z − w)−2Ki(w) + (z − w)−1∂Ki(w) + reg
Ki(z)Ga(w) = −(z − w)−1 1
2
(σi)abG
b(w) + reg
Ki(z)Ga(w) = (z − w)−1 1
2
(σi)baGb(w) + reg
T (z)Ga(w) = (z − w)−2 3
2
Ga(w) + (z − w)−1∂Ga(w) + reg
T (z)Ga(w) = (z − w)−2 3
2
Ga(w) + (z − w)−1∂Ga(w) + reg
Ga(z)Gb(w) = (z − w)−3 2c
3
δab + (z − w)−24(σi)abKi(w)+
(z − w)−1(2δabT (w) + 2(σi)ab∂Ki(w)) + reg
(3.1)
Let us fix some finite- dimensional Manin triple (g, g+, g−). From the formulas (3.1) we
can see that currents G0, G0 generate N = 2 Virasoro superalgebra. With the arguments
of preceding section one can establish the existence of the complex structure R1 on Lie
algebra g. Let us denote:
D0 =
1√
2
(G0 +G0)
D1 =
−ı√
2
(G0 −G0)
D2 =
1√
2
(G1 +G1)
(3.2)
We can see from (3.1) that the linear combinations
1√
2
(D0 ± ıD2) = G0 +G0 ± ı(G1 +G1) (3.3)
generate another N = 2 Virasoro superalgebra. Therefore we establish the existence of the
second complex stucture R2 on the Lie algebra g. Using (3.1) once more it is not dificult
to show that for any real numbers x and y, such that x2 + y2 = 1 the currents
1√
2
(D0 ± ı(xD1 + yD2))
4
also generate N = 2 Virasoro superalgebra. Hence with the arguments of preceding section
we conclude, that the square of the operator
S = xR1 + yR2 (3.4)
is equal to −1. This fact implies
R1R2 +R2R1 = 0 (3.5)
Next, we intend to show that the existence of two skew- symmetric mutualy anticommuting
complex structures on Lie algebra makes it possible to construct generators of N = 4
Virasoro superalgebra.
Let g± be the eigenspaces of the complex structure R1 on complex Lie algebra g. Let
us fix the orthonormal basis (2.1) in g. In this basis the second complex structure R2 is
given by matrix
R2E
a = (r11)
a
bE
b + (r12)
abEb
R2Ea = (r22)
b
aEb + (r21)abE
b
(3.6)
and the equation (3.5) equivalet to
r11 = r22 = 0 (3.7)
The skew- symmetric condition for R2 takes the form
rT12 = −r12, rT21 = −r21 (3.8)
Taking into account (3.7), (3.8) one can rewrite the equation (R2)
2 = −1 in the following
form
r21 = −r−112 (3.9)
In the following we will denote r12 as r. In the basis (2.1) equation (2.11) for the R2 takes
the form
radf
d
cb + rbdf
d
ac + rcdf
d
ba = 0
radf cbd + r
bdfacd + r
cdf bad = 0
(3.10)
,where rab = (r−1)ab. That is r is 2-cocycle on algebra g+ and r
−1 is 2-cocycle on g−. In
view of (3.9) they should be nondegenerate.
Define fermionic currents
G0x = ψ
aJa − 1
2
f cabψ
aψbψc + x
0
a∂ψ
a
G0x = ψaJ
a − 1
2
fabc ψaψbψ
c + xa0∂ψa
G1x = rbaψ
aJb +
1
2
ramf
ab
c rbnr
ckψmψnψk + x
1
a∂ψ
a
G1x = r
baψaJb +
1
2
ramf cabr
bnrckψmψnψ
k + xa1∂ψa
(3.11)
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,where vectors x0, x0, x
1, x1 will be determined later and denote
G0x = G
0 + ∂x0, G0x = G0 + ∂x0
G1x = G
1 + ∂x1, G1x = G1 + ∂x1
(3.12)
It is not difficult to show that the conditions that there no singular terms in OPE’s G0xG
0
x
, G0xG0x, G
1
xG
1
x, G1xG1x are equivalent to the equations
x0af
a
bc = 0, x
a
0f
bc
a = 0
x1ar
adf bcd = 0, x
a
1radf
d
bc = 0
(3.13)
(here we have used (3.10)), that is vectors x0, x0, rx
1, r−1x1 are 1-cocycles on subalgebras
g±. From now we will imply that (3.13) be satisfied.
LEMMA 3.1.
G0x(z)G
1
x(w) = (z − w)−2[
q
2
rac − fmacfnrmn
−1
2
x1mf
m
ac −
1
2
x0b(rpaf
pb
c − rpcfpba )]ψaψc+
(z − w)−1 1
2
[
q
2
rac − fmacfnrmn −
1
2
x1mf
m
ac]∂(ψ
aψc) + reg.
(3.14a)
G0x(z)G1x(w) = −(z − w)−32x0axa1
−(z − w)−22[(farab − x
b
1
2
)(Jb + f
c
bdψcψ
d) +
x0a
2
rca(Jc + f
d
cbr
bnrdkψnψ
k)]
−(z − w)−1(farab − xb1)(Jb + f cbd)ψcψd + reg.
(3.14b)
G0x(z)G
1
x(w) = −(z − w)−32xa0x1a
−(z − w)−22[(farab − x
1
b
2
)(Jb + f bdc ψ
cψd) +
xa0
2
rca(J
c + f cbd rbnr
dkψnψk)]
−(z − w)−1(farab − xb1)(Jb + f bdc ψcψd) + reg.
(3.14c)
G0x(z)G1x(w) = (z − w)−2[ q
2
rac − facm fnrmn
−1
2
xm1 f
ac
m −
1
2
xb0(r
paf cpb − rpcfapb)]ψaψc+
(z − w)−1 1
2
[
q
2
rac − facm fnrmn −
1
2
xm1 f
ac
m ]∂(ψaψc) + reg.
(3.14d)
PROOF. Let us calculate the operator product
G0x(z)G
1
x(w) = G
0(z)G1(w) +G0(z)∂x1(w) + ∂x0(z)G1(w) + ∂x0(z)∂x1(w) (3.15)
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We start by calculating singular terms of G0G1
G0(z)G1(w) = (z − w)−2[ 1
2
rbc(qδ
b
a− < Eb, Ea >)ψaψc+
fnamf
bc
d rbnrcqr
dmψaψq]+
(z − w)−1[ 1
2
rbc(qδ
b
a− < Eb, Ea >)∂ψaψc+
fnamf
bc
d rbnrcqr
dm∂ψaψq]+
(z − w)−1 1
2
[−fnamf bcd rbnrcqrdsψaψmψqψs+
fnamf
bc
d rbprcqr
dmψaψpψqψn]
(3.16)
Let us denote
U =
1
2
rbc(qδ
b
a− < Eb, Ea >)ψaψc+
fnamf
bc
d rbnrcqr
dmψaψq]
V =
1
2
rbc(qδ
b
a− < Eb, Ea >)∂ψaψc+
fnamf
bc
d rbnrcqr
dm∂ψaψq]
W =
1
2
(−fnamf bcd rbnrcqrdsψaψmψqψs+
fnamf
bc
d rbprcqr
dmψaψpψqψn)
We are going to show that
W = 0 (3.17)
In view of (3.9), (3.10) we have
f bcd rbnrcqr
ds = f bsq rbn − f bsn rbq
fdbcr
bprcqrdm = f
q
bmr
bp − fnbprbq
(3.18)
Taking this equation into account we can represent W as the following
W = ((f itk riq − f itq rik)fkap+
(f ima rip − f imq ria)fkmq)ψaψpψqψt
(3.19)
Here it is pertient to make a comment about (3.17). Let us denote
hsqn = f
bs
q rbn − f bsn rbq (3.20)
In view of (3.9), (3.10) the constants hsqn determine another Lie structure on vector space
g−. From (3.19) we can see that (3.17) is the condition this new Lie- structure is compatible
with the old Lie- structure on g−. Using the first equation from (3.10) one can write
(f itk riq − f itq rik)fkap = f itk fkapriq+
f itq (rakf
k
pi + rpkf
k
ia)
(3.21)
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After sbstitution this formula in the left hand side of (3.19) we obtain
W = (f iapf
kt
i rkq + 2f
k
pif
it
a rkq − 2f tpif ika rkq)ψaψpψqψt (3.22)
Now (3.17) follows from the last equation out of (2.2). With help of (3.10) and (2.6) U
can be transformed into
U = (
q
2
rac +
1
2
Bbarbc −
1
4
fmacf
nb
m rbn)ψ
aψc (3.23)
Using (2.5), (3.10) it is not difficult to obtain
Bbarbcψ
aψc = −1
2
fmcaf
nk
m rnkψ
aψc (3.24)
From (3.10) we can easily find
fnkm rnk = 2f
nrnm
fmnkr
nk = 2fnr
nm
(3.25)
Hence, we have
U = (
q
2
rab − fmabfnrmn)ψaψc (3.26)
Next, transform V
V =
1
2
(
1
2
(qδba +B
b
a + 2A
b
a)rbc + f
n
amf
pq
s rpnrqcr
sm)∂(ψaψc)+
1
2
(
1
2
qδba +B
b
a + 2A
b
a)rbc + f
n
amf
pq
s rpnrqcr
sm)(∂ψaψc − ψa∂ψc)
(3.27)
From (3.18), (2.5) one can get
fnamf
ps
t rpnrscr
tm = −1
2
Bbcrba −Abarbc (3.28)
Therefore the first term from this expression is equal to 1
2
∂U and the second term is equal
to zero. Hence
V =
1
2
∂U (3.29)
The calculations of U, V,W assembled together give the result
G0(z)G1(w) = (z − w)−2( q
2
rab − fmabfnrmn)ψaψb+
(z − w)−1 1
2
(
q
2
rab − fmabfnrmn)∂(ψaψb)
(3.30)
Taking into account the singular terms of G0∂x1 and ∂x0G1 the operator product (3.15)
is given by
G0x(z)G
1
x(w) = (z − w)−2(
q
2
rac − fmacfnrmn −
1
2
x1mf
m
ac −
1
2
x0m(rnaf
nm
c − rncfnma ))ψaψc
+(z − w)−1 1
2
(
q
2
rac − fmacfnrmn − x1mfmac)∂(ψaψc)
(3.31)
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Next, we calculate
G0x(z)G1x(w) = G
0(z)G1(w) +G
0(z)∂x1(w) + ∂x
0(z)G1(w) + ∂x
0(z)∂x1(w) (3.32)
Here we start by calculating singular terms of G0G1
G0(z)G1(w) = −(z − w)−3 1
2
fnamf
d
bcr
bmrcardn+
(z − w)−2[(rbaf cabJc −
1
2
rbc < Ea, Eb > ψ
aψc)
−1
2
fnamf
d
bcr
bmrcardsψnψ
s + fnamf
d
bcr
bmrcqrdnψqψ
a]+
(z − w)−1[(rbaf cab∂Jc −
1
2
rbc < Ea, Eb > ∂ψ
aψc)−
1
2
fnamf
d
bcr
bmrcards∂ψnψ
s + fnamf
d
bcr
bmrcqrdnψq∂ψ
a]+
(z − w)−1[fpasfdbcrbsrcqrdm −
1
4
fnamf
d
bcrbpr
cqrdn]ψ
aψmψpψq
(3.33)
Let us denote
P = −1
2
fnamf
d
bcr
bmrcardn
Q = (rbaf cabJc −
1
2
rbc < Ea, Eb > ψ
aψc)
−1
2
fnamf
d
bcr
bmrcardsψnψ
s + fnamf
d
bcr
bmrcqrdnψqψ
a
R = (rbaf cab∂Jc −
1
2
rbc < Ea, Eb > ∂ψ
aψc)−
1
2
fnamf
d
bcr
bmrcards∂ψnψ
s + fnamf
d
bcr
bmrcqrdnψq∂ψ
a
S = (fpasf
d
bcrbsr
cqrdm − 1
4
fnamf
d
bcrbpr
cqrdn)ψ
aψmψpψq
First we prove
S = 0 (3.34)
Let us denote
(r ∗ f−)pqn = fdbcrbprcqrdn (3.35)
and rewrite S as follows
1
4
[fpas(r ∗ f−)sqm − fpms(r ∗ f−)sqa −
f qas(r ∗ f−)spm + f qms(r ∗ f−)spa − fnam(r ∗ f−)pqn ]ψaψmψpψq
(3.36)
The right hand side of (3.36) is coboundary of 1-cochain r ∗ f− with coefficients in ∧2g−.
From the other hand the cochain r ∗ f− is coboundary of 0- cochain r
(r ∗ f−)pqn = rbpf qbn − rbqfpbn (3.37)
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Therefore equation (3.34) is the consequence of nilpotency condition for the coboundary
operator of Lie algebra g−. Because r∗f− is coboundary of r it defines bialgebra- structure
on g− [5]. Therefore we can do the change
f bmd → (r ∗ f−)bmd
in the equations (2.2), (2.3). Using these new equations one can get
−1
2
fnamf
d
bcr
bmrcardkψnψ
k =
1
2
fnam(r ∗ f−)mak ψnψk =
−1
2
(fm(r ∗ f−)mnk + (r ∗ f−)mfnmk)
(3.38)
From (3.18), (3,25) one can obtain
fm(r ∗ f−)mns = −
1
2
rabf iabf
n
is
(r ∗ f−)mfnms = −
1
2
rabfmabf
n
ms
(3.39)
Using (3.18) we can get
fnamf
d
bcr
bmrcqrdnψqψ
n = −(fmrqmfnqk + rpnfmpqf qmk)ψnψk (3.40)
Taking into account (3.38)-(3.40) one can write
Q = −2farab(Jb + fnbmψnψm) (3.41)
In the same way we rearrangement R
R =
1
2
∂Q (3.42)
Finaly for P we obtain
P = 0 (3.43)
Indeed
P =
1
2
fnam(r ∗ f−)man = fmrmnfm = 0
Summing up the resalts of culculations P,Q,R, S we obtain
G0(z)G1(w) = −(z − w)−22farac(Jc + fncmψnψm)− (z − w)−1farac∂(Jc + fncmψnψm)
(3.44)
After calculation of the singular terms of G0∂x1, ∂x
0G1, ∂x
0∂x1 we will obtain (3.14b)
The calculations of singular terms in operator products G0xG1x and G0xG
1
x are iden-
tical with that just we have done.
The proof is completed.
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To obtain N = 4 Virasoro superalgebras operator products one have to put either
G0x(z)G1x(w) ∼ G0x(z)G1x(w) ∼ 0 (3.45a)
either
G0x(z)G1x(w) ∼ G0x(z)G1x(w) ∼ 0 (3.45b)
Therefore there is two possibilities to construct generators of N = 4 Virasoro superalgebra.
We will investigate each possibility.
CASE (3.45a). From (3.14b-c), (3.45a) one can obtain the system of equations
x0ax
a
1 = 0
xb1 = far
ab
far
ab(Jb + f
c
bdψcψ
d) + x0ar
ca(Jc + f
d
cbr
bnrdkψnψ
k) = 0
x1b = f
arab
farab(J
b + f bdc ψ
cψd) + x
a
0rca(J
c + f cbd rbnr
dkψnψk) = 0
(3.46)
Its solution is given by
xb1 = far
ab, xa0 = f
a
x1b = f
arab, x
0
a = fa
(3.47)
Let us substitute the solution (3.47) into (3.14a)
G0x(z)G
1
x(w) = (z − w)−2[
q
2
rac − 1
2
fmacf
nrmn − 1
2
fm(rnaf
nm
c − rncfnma )]ψaψc+
(z − w)−1 q
4
rac∂(ψ
aψc)
(3.48)
From (2.2), (2.3), (3.18) it follows that
fm(f
mb
a rbc − fmbc rba) = f bacfmrmb (3.49)
Indeed, from (2.2) one can get
fkacf
mrmk =
1
2
fknm(f
nm
a rkc − fnmc rka) (3.50)
From the other hand, using (2.3), (3.18) one can get
fknm(f
nm
a rkc − fnmc rka) = fm(fmka rkc − fmkc rka)− fmfkacrkm (3.51)
Comparing (3.50) and (3.51) we obtain (3.49). Hence one may write
G0x(z)G
1
x(w) = (z − w)−2
q
2
racψ
aψc + (z − w)−1 q
4
rac∂(ψ
aψc) (3.52)
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In the same way we can derive
G0x(z)G1x(w) = (z − w)−2 q
2
racψaψc + (z − w)−1 q
4
rac∂(ψaψc) (3.53)
Motivated by formulas (3.52), (3.53) we redenote currents Gax(z), Gax(z), a = 0, 1 by
Gax →
√
2
k + v
Gax, G
a
x →
√
2
k + v
Gax (3.54)
and introduce generators of su(2)- Kac-Moody algebra
K01 =
1
2
racψ
aψc,
K01 =
1
2
racψaψc,
K = ψaψa
(3.55)
Then (3.52), (3.53) shows that
G0x(z)G
1
x(w) = (z − w)−24K01(w) + (z − w)−12∂K01(w) + reg.
G0x(z)G1x(w) = (z − w)−24K01(w) + (z − w)−12∂K01(w) + reg.
(3.56)
As a simple exercise in the application of formulas (3.10), (3.18), (3.24) one may obtain
K(z)G0x(w) = (z − w)−1G0x(w) + reg.
K(z)G0x(w) = −(z − w)−1G0x(w) + reg.
K01(z)G0x(w) = 0
K01(z)G0x(w) = 0
K01(z)G
0
x(w) = −(z − w)−1G1x(w) + reg.
K01(z)G0x(w) = −(z − w)−1G1x(w) + reg.
(3.57)
To find the stress-energy tensor T we calculate operator product G0xG0x, but the result
follows from the Manin triple construction for N = 2 Virasoro superalgebra (2.9)
T =
1
2(k + v)
(JaJa + JaJ
a) + (∂ψaψa − ψa∂ψa)+
1
2(k + v)
∂(faJ
a − faJa) + 1
2(k + v)
(faf
ab
c − faf bac)∂(ψcψb)
(3.58)
Taking into account (3.49) it is not dificult to show that currents (3.55) are dimension one
primary fields relative stress-tensor (3.58). It is clear that OPE G1xG1x gives us the same
stress-energy tensor (3.62) because currents G1x(z), G1x(z) can be derived from currents
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G0x(z), G0x(z) with help of transformation ψ
a → rabψb, ψa → rabψb. The following lemma
sums up our investigation of CASE (3.45a)
LEMMA 3.2. The fermionic currents
G0 =
√
2
k + v
(ψaJa − 1
2
f cabψ
aψbψc + fa∂ψ
a)
G0 =
√
2
k + v
(ψaJ
a − 1
2
fabc ψaψbψ
c + fa∂ψa)
G1x =
√
2
k + v
(rbaψ
aJb +
1
2
ramf
ab
c rbnr
ckψmψnψk + f
arab∂ψ
b)
G1x =
√
2
k + v
(rbaψaJb +
1
2
ramf cabr
bnrckψmψnψ
k + far
ab∂ψb)
(3.59)
generate N = 4 Virasoro superalgebra with central charge
c = 3d (3.60)
stress- energy tensor
T =
1
2(k + v)
(JaJa + JaJ
a) + (∂ψaψa − ψa∂ψa)+
1
2(k + v)
∂(faJ
a − faJa) + 1
2(k + v)
(faf
ab
c − faf bac)∂(ψcψb)
(3.61)
and su(2)- Kac-Moody currents
K01 =
1
2
racψ
aψc
K01 =
1
2
racψaψc
K = ψaψa
(3.62)
CASE (3.45b). From (3.14a), (3.14d), (3.45b) we obtain the following equations
q
2
rac − fmacfnrnm − x1mfmac = 0
q
2
rac − fmacfnrnm − x0m(rnafnmc − rncfnma ) = 0
q
2
rac − facm fnrnm − xm1 facm = 0
q
2
rac − facm fnrnm − xm0 (rnaf cnm − rncfanm) = 0
(3.63)
The first and third equations of this system have the solutions if nondegenerate 2-cocycles
r, r−1 are the coboundary cocycles:
rac = rmf
m
ac, r
ac = rmfacm (3.64)
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In this case the solutions of the first and third equations are given by
x1m = −rmnfn +
q
2
rm
xm1 = −rmnfn +
q
2
rm
(3.65)
Solving remain equations we find the conditions such that (3.49b) is satisfied
rac = rmf
m
ac, r
ac = rmfacm
x1m = −rmnfn +
q
2
rm, x
m
1 = −rmnfn +
q
2
rm
x0m = fm +
q
2
rnrnm, x
m
0 = f
m +
q
2
rnr
nm
(3.66)
Let us substitute the solutions (3.66) into (3.14b):
G0x(z)G1x(w) = (z − w)−2qrb(Jb + f cbdψcψd) + (z − w)−1
q
2
rb∂(Jb + f
c
bdψcψ
d)
G0x(z)G
1
x(w) = (z − w)−2qrb(Jb + f bdc ψcψd) + (z − w)−1
q
2
rb∂(J
b + f bdc ψ
cψd)
(3.67)
Motivated by these formulas we redenote currents Gax(z), Gax(z), a = 0, 1 by (3.54) and
introduce su(2)-Kac-Moody currents:
K01 = r
a(Ja + f
c
abψcψ
b)
K10 = ra(J
a + fabc ψ
cψb)
K = (δba − rcrcdf bda − rcrcdfdab )ψaψa + rbrbaJa − rbrbaJa
(3.68)
The stress-energy tensor may be obtained in a similar way to the CASE (3.45a):
T =
1
2(k + v)
(JaJa + JaJ
a) + (∂ψaψa − ψa∂ψa)+
1
2(k + v)
∂((fa +
q
2
rbrba)J
a − (fa + q
2
rbr
ba)Ja)+
1
2(k + v)
((fa +
q
2
rbrba)f
ab
c − (fa +
q
2
rbr
ba)f bac)∂(ψ
cψb)
(3.69)
Summing up the investigation of CASE (3.45b) we can get the following
LEMMA 3.3 If nondegenerate 2-cocycles are coboundary
rac = rmf
m
ac, r
ac = rmfacm (3.70)
then fermionic currents
G0 =
√
2
k + v
(ψaJa − 1
2
f cabψ
aψbψc + (fa +
q
2
rbrba)∂ψ
a)
G0 =
√
2
k + v
(ψaJ
a − 1
2
fabc ψaψbψ
c + (fa +
q
2
rbr
ba)∂ψa)
G1x =
√
2
k + v
(rbaψ
aJb +
1
2
ramf
c
abrbnr
ckψmψnψk + (
q
2
ra − rabf b)∂ψa)
G1x =
√
2
k + v
(rbaψaJb +
1
2
ramfabc r
bnrckψmψnψ
k + (
q
2
ra − rabfb)∂ψa)
(3.71)
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generate N = 4 Virasoro superalgebra with central charge
c = 3(qrara − d) (3.72)
stress- energy tensor
T =
1
2(k + v)
(JaJa + JaJ
a) + (∂ψaψa − ψa∂ψa)+
1
2(k + v)
∂((fa +
q
2
rbrba)J
a − (fa + q
2
rbr
ba)Ja)+
1
2(k + v)
((fa +
q
2
rbrba)f
ab
c − (fa +
q
2
rbr
ba)f bac)∂(ψ
cψb)
(3.73)
and su(2)-Kac-Moody currents
K01 = r
a(Ja + f
c
abψcψ
b)
K10 = ra(J
a + fabc ψ
cψb)
K = (δba − rcrcdf bda − rcrcdfdab )ψaψa + rbrbaJa − rbrbaJa
(3.74)
Now we are in a position to formulate the conditions such that N=2 SCFT associated
with any finite- dimensional Manin triple possess N = 4 Virasoro superalgebra of symme-
tries. To do it let us introduce Drinfeld’s definition of quasi Frobenius and Frobenius Lie
algebras:
DEFINITION 3.4. [6] Finite- dimensional Lie algebra is called quasi Frobenius Lie
algebra if it endowed with nondegenerate 2-cocycle. If its cocycle is coboundary then it is
called Frobenius Lie algebra.
Due to this definition we will call quasi Frobenius Manin triple a Manin triple with
quasi Frobenius isotropic subalgebras such that the corresponding nondegenerate 2-cocyc-
les are mutualy inverse. If they are coboundary cocycles we will call this Manin triple
Frobenius Manin triple.
As a consequence of lemmas 3.2, 3.3 we can get
PROPOSITION 3.5 Any N = 2 SCFT associated with quasi Frobenius Manin triple
admits N = 4 extention by the formulas (3.59)- (3.62). If a Manin triple is Frobenius
Manin triple then N = 2 SCFT admits two N = 4 extentions by the formulas (3.59)-
(3.62) and (3.70)- (3.74).
Let us make contact with paper [3] where ”big” N = 4 Virasoro superalgebra was con-
structed. From the formulas of [3] one can observe that the modification (in the notations
used in [3])
T (z)→ Tˆ (z) = T (z) + (1− γ)∂U(z)
Ga(z)→ Gˆa(z) = Ga(z) + 2(1− γ)∂Γa(z)
(3.75)
converts ”big” N = 4 Virasoro superalgebra into usual N = 4 Virasoro superalgebra with
generators (3.70)-(3.74). The modification
T (z)→ Tˆ (z) = T (z) + γ∂U(z)
Ga(z)→ Gˆa(z) = Ga(z) + 2γ∂Γa(z)
(3.76)
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converts ”big” N = 4 Virasoro superalgebra into usual N = 4 Virasoro superalgebra with
generators (3.59)- (3.62). Therefore construction of ”big” N = 4 Virasoro superalgebra is
possible only for the Frobenius Manin triple.
4. Examples.
EXAMPLE 1. The first example of the Manin triple bases on any simple Lie algebra
g with the scalar product (, ) and its Cartan decomposition g = n−⊕h⊕n+, b+ = h⊕n+,
b− = h⊕ n−. Consider the Lie algebra
p = g ⊕ h˜ (4.1)
where h˜ is the copy of the Cartan subalgebra h and the Lie algebra structure on p is defined
by
[g, h˜] = 0 (4.2)
On p we define the invariant scalar product
< (X1, H1), (X2, H2) >= (X1, X2)− (H1, H2) (4.3)
If we set
p+ = {(X,H) ∈ p|X ∈ b+, H = Xh}
p− = {(X,H) ∈ p|X ∈ b−, H = −Xh}
(4.4)
,where Xh is the projection ofX on the Cartan subalgebra h, then we will have p = p+⊕p−
and p+, p− are isotropic subalgebras of p, wich are isomorphic to Borel subalgebras b+,
b−. We will give the explicit N = 4 Virasoro superalgebra construction in the simplest
case
g = sl(2, C) (4.5)
In this case there is only one way to fix nondegenerate 2- cocycles on isotropic subalgebras
p±, namely in the orthonormal basis (2.1) they are given by
r(E0, E1) = r01 = −r−1
r−1(E0, E1) = r01 = r
(4.6)
, where r is arbitrary nonzero complex number. Cocycles (4.6) are coboundary cocycles
r01 = −r−1f101, r01 = −rf011 (4.7)
Therefore formulas (4.1), (4.4)- (4.6) define Frobenius Manin triple. In this case let
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Ja, Ja, ψ
a, ψa, a = 0, 1 be the bosonic and fermionic currents with the OPE
J0(z)J1(0) = −z−1J1(0) + o(z)
J0(z)J1(0) = z
−1J1(0) + o(z)
J0(z)J0(0) = −z−2 + o(z)
J0(z)J0(0) = −z−2 + o(z)
J0(z)J1(0) = z
−1J1(0) + o(z)
J1(z)J0(0) = z
−1J1(0) + o(z)
J0(z)J0(0) = z
−2(k + 1) + o(z)
J1(z)J1(0) = z
−2k − z−1(J0 + J0)(0) + o(z)
ψa(z)ψb(0) = z
−1δab + o(z)
(4.8)
Then the formulas (3.59)- (3.62) have the following form
G0 =
√
2
k + 2
(ψ0J0 + ψ
1J1 − ψ0ψ1ψ1 + ∂ψ0)
G0 =
√
2
k + 2
(ψ0J
0 + ψ1J
1 + ψ0ψ1ψ
1 − ∂ψ0)
G1 = −
√
2
k + 2
r−1(ψ1J0 − ψ0J1 + ψ1ψ0ψ0 − ∂ψ1)
G1 =
√
2
k + 2
r(ψ1J0 − ψ1J0 + ψ1ψ0ψ0 − ∂ψ1)
(4.9)
c = 6 (4.10)
T =
1
2(k + 2)
(JaJ
a + JaJa) +
1
2
(∂ψaψa − ψa∂ψa) + 1
2(k + 2)
∂(J0 + J0)
K01 = −r−1ψ0ψ1, K = ψaψa, K01 = rψ0ψ1
(4.11)
For the second N = 4 Virasoro superalgebra formulas (3.70)- (3.74) will look like
G0 =
√
2
k + 2
(ψ0J0 + ψ
1J1 − ψ0ψ1ψ1 − (k + 1)∂ψ0)
G0 =
√
2
k + 2
(ψ0J
0 + ψ1J
1 + ψ0ψ1ψ
1 + (k + 1)∂ψ0)
G1 = −
√
2
k + 2
r−1(ψ1J0 − ψ0J1 + ψ1ψ0ψ0 + (k + 1)∂ψ1)
G1 =
√
2
k + 2
r(ψ1J0 − ψ1J0 + ψ1ψ0ψ0 + (k + 1)∂ψ1)
(4.12)
c = 6(k + 1) (4.13)
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T =
1
2(k + 2)
(JaJ
a + JaJa) +
1
2
(∂ψaψa − ψa∂ψa) + (k + 1)
2(k + 2)
∂(−J0 + J0)
K01 = −r(J1 − ψ1ψ0)
K = ψ0ψ0 − ψ1ψ1 + J0 + J0
K10 = −r−1(J1 + ψ1ψ0)
(4.14)
This construction was used in [10] to prove N=4 Virasoro superalgebras determinant for-
mula [11-12].
EXAMPLE 2. Let g be simple even- dimensional Lie algebra. In this situation we can
represent its Cartan subalgebra h as the direct sum of subspaces isotropic with respect to
the Killing form :
h = h+ ⊕ h− (4.15)
If we set
p+ = n+ ⊕ h+
p− = n− ⊕ h−
(4.16)
then we will have g = p+ ⊕ p− and p+, p− are isotropic subalgebras of g. In this example
we give the explicit N=4 Virasoro superalgebra construction in the case:
g = sl(3, C) (4.17)
Let {E3, E2, E1,H1, H2, E1, E2, E3} be the standard basis in sl(3, C), such that generators
E1, E2 correspond to the simple roots α1, α2, E
3 corresponds to the maximal root α3 and
E1, ..., E3 correspond to the negative roots of sl(3, C). We define invariant inner product
(, ) on g by the formula
(x, y) = Tr(xy) (4.18)
, where x, y ∈ g and are 3×3 matrixes. The basises in isotropic subalgebras p± constituting
orthonormal basis in g are given by
p+ = ⊕3a=0CEa, p− = ⊕3a=0CEa (4.19)
, where
E0 =
1√
3
(H1 + exp(ı
pi
3
)H2), E0 =
1√
3
(H1 + exp(−ıpi
3
)H2) (4.20)
Next, one need to fix nondegenerate 2-cocycles on isotropic subalgebras. By the direct
culculation one can find that the skew- symmetric bilinear form r is cocycle on p+ if the
following equations are satisfied
r12 =
r03
α3(E0)
, r13 = r23 = 0 (4.21)
, where rab = r(Ea, Eb). Cocycle r is nondegenerate if r03 is nonzero. From (4.21) it
follows that r is coboundary cocycle
rab = rcfabc
ra =
r0a
αa(E0)
(4.22)
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The same is true for nondegenerate 2- cocycles on subalgebra p−. That is if we put
ra =
1
αa(E0)r0a
(4.23)
we obtain nondegenerate coboundary 2- cocycle r−1 on p−
rab = rcf
c
ab (4.24)
which is invers to the 2- cocycle r on p+. Hence one may conclude the formulas (4.17)-
(4.24) define Frobenius Manin triple and (3.63)-(3.66), (3.74)- (3.78) give us two N=4
Virasoro superalgebras.
EXAMPLE 3. We construct N=4 Virasoro superalgebra based on quasi Frobenius
Manin triple with 4-dimensional nilpotent isotropic subalgebras. Let g+ be 4- dimensional
nondecomposible nilpotent Lie algebra [6]. There is the only one Lie algebra of this type:
g+ = ⊕4a=1CEa
[E1, E2] = E3, [E1, E3] = E4
(4.25)
(other brakets are equal to zero). By the direct calculations one obtain that the skew-
symmetric bilinear form r on g+ is cocycle if
r24 = r34 = 0 (4.26)
and cocycle r is nondegenerate if
r14 6= 0, r23 6= 0 (4.27)
Fathermore any 2-cocycle r is coboundary iff
r14 = r23 = 0 (4.28)
From (4.26)- (4.28) it follows that if the equations (4.26), (4.27) are satisfied then g+ will
be quasi Frobenius Lie algebra. For simplicity we set
r12 = r13 = 0 (4.29)
Then the invers matrix r−1 have the following nonzero elements
r14 = −r41 = 1
r14
r23 = −r32 = 1
r23
(4.30)
Having r−1 ∈ ∧2g+ one can use it to define the coboundary bialgebra structure on g+ [5].
Let g− be the dual space to g+ and E1, ..., E4 be the dual basis to the basis (4.25)
g− = ⊕4a=1CEa, (Ea, Eb) = δba (4.31)
19
then the Lie algebra structure on g− defined by coboundary cocommutator on g+ is given
by
[E4, E2] =
1
r23
E1, [E4, E1] = − 1
r14
E2 (4.32)
In view of one- to- one correspondence between Lie bialgebras and Manin triples [5] we
obtain the Manin triple (g, g+, g−). Moreover g− is also quasi Frobebius Lie algebra because
as it follows from (4.32) r−1 defines the isomorphism of Lie algebras
r−1 : g− → g+
such that preimage of the cocycle r is equal to r−1. Therefore we conclude that the
formulas (4.25)- (4.32) define quasi Frobenius Manin triple, and formulas (3.59)- (3.62)
give us N=4 Virasoro superalgebra.
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